Following work by Ullmo and Yafaev, we propose and prove an analogue of the Bloch-Ochiai theorem in the context of mixed Shimura varieties. We follow the strategy and use results of previous articles by Ullmo and Yafaev and the author plus consequences of the Ax-Lindemann-Weierstrass theorem for mixed Shimura varieties due to Gao. Theorem 1.3 (Ax-Lindemann). Let Y ⊂ D be an algebraic subset of D 1 . Then the 1 An algebraic subset of D is a component of the intersection of an algebraic subset of C n with D
Introduction
The Bloch-Ochiai theorem [Kob98, cf. Chapter 9, 3.9.19] states that the Zariski closure of an holomorphic curve in an abelian variety is a coset of an abelian subvariety. Theorem 1.1 (Bloch-Ochiai). Let A be an abelian variety and f : C → A a nonconstant holomorphic map. Then the Zariski closure of f (C) is a translate of an abelian subvariety.
In [UY18] , Ullmo and Yafaev formulate and prove an analogue of this result for compact Shimura varieties, later generalised to all Shimura varieties by the author.
Let D be a hermitian symmetric space realised as a bounded symmetric domain in C n via the Harish-Chandra embedding[Mok89, see Chapter 4], G its isometry group and Γ ⊂ G(R) an arithmetic lattice. Let S = Γ\D. Assume that S is a component of a Shimura variety; in particular G is defined over Q and Γ is a congruence subgroup of G(Q). Finally consider a holomorphic function f : C m → C n such that f (C m ) ∩ D = ∅.
Theorem 1.2 ([UY18, Theorem 1.2] [Gia18, Theorem 1.4]). Let π : D → S be the quotient map, f as above and V = f (C m )∩D. Assume S is compact then the components of the Zariski closure Zar(π(V )) of π(V ) in S are weakly special subvarieties of S.
For general definitions about Shimura varieties and weakly special subvarieties see [UY14] and the references therein.
Along with the Bloch-Ochiai theorem the above result draws inspiration from the hyperbolic Ax-Lindemann theorem, first proven by Ullmo and Yafaev in [UY14] for compact Shimura varieties and then in general by Klingler, Ullmo and Yafaev in [KUY16] .
1 Introduction components of the Zariski closure Zar(π(Y )) are weakly special.
The aim of this paper is to prove a generalisation of theorem 1.2 to the case of mixed Shimura varieties.
Let (P, X + ) be a connected mixed Shimura datum, G the quotient of P by its unipotent radical and (G, X + G ) the quotient connected pure Shimura datum. Fix an arithmetic subgroup Γ ⊂ P (Q) and denote by Γ G the image of Γ in G. Finally let C N be the holomorphic tangent space to X + G at some point x 0 . Use the Harish-Chandra embedding theorem to embed C N as a Zariski open subset of X +∨ G and embed X + G as a analytically open and bounded subset of C N . All the above fit in the following diagram.
Now consider an holomorphic map f : C → X +∨ such that the image of the composition π • f is contained in C N . We prove the following result.
is not a single point. Then the Zariski closure Zar(unif (f (C) ∩ X + )) is a weakly special subvariety of S.
Remark 1.5. Note that if one wanted to generalise the above theorem without the requirement that the projection of the image of f to the pure part be non constant, one would need a generalisation of the Bloch-Ochiai theorem to the fibre of a general mixed Shimura variety. To the best of the author's knowledge this is not yet know; the most general case in this direction seems to be the Bloch-Ochiai theorem for semiabelian varieties [Nog81] .
The proof follows the general structure of the proof in the pure case. Using the Ax-Lindemann-Weierstrass theorem, we will first reduce the statement to the existence of a particular semialgebraic subset of P (R)U (C). Then we will prove the existence of such a set using Pila-Wilkie's theorem on rational points in definable sets. This involves proving a counting result about the number of translates of a fixed fundamental domain intersecting the image of f . This counting result will follow from the pure case and our assumptions on f .
We remark that the assumption that f be transverse to the fibres of the projection to the pure part is essential for us to be able to apply the present methods. Indeed, as remarked above, dropping this hypothesis would require us to prove also the Bloch-Ochiai theorem. This does not seem to be possible using the approach presented in this paper. Indeed, related questions were investigated with similar methods by Ullmo and Yafaev in [UY17]; however the authors were able to prove only weaker results. This is ultimately due to the fact that the space uniformising a (semi-)abelian variety does not have any bounded realisation.
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Preliminaries

Mixed Shimura varieties
Here we briefly recall the definition of mixed Shimura variety. For more details see [Pin90] .
• P is a linear algebraic group defined over Q, with an algebraic subgroup U of its unipotent radical W uniquely determined by condition e below;
• X + is a left homogeneous space under the group P (R) + U (C);
such that for all x ∈ X + the following axioms are true:
a. every fibre of h consists of finitely many points;
b. let π : P → P/U be the canonical projection, then π • h x : S C → P/U C is already defined over R;
c. let π : P → G = P/W be the canonical projection and w : G m → S be the map which on real points is the inclusion of R * into C * , then π • h x • w : G m,R → G R is a cocharacter of the centre of G;
d. Ad • h x induces on Lie(P ) a rational mixed Hodge structure of type
e. let V = W/U then the weight filtration on Lie(P ) is as follows
) induces a Cartan involution on G ad R ; g. G ad possesses no non trivial factor of compact type defined over Q;
h. the centre of G decomposes as an almost direct product of a Q-split torus with a torus of compact type over Q.
Below we will omit the subgroup U and the map h from the notation of Mixed Shimura data.
Remark 2.2. In the above definition it is sufficient to check that the conditions are satisfied for a single point x ∈ X + . For an explanation of the conditions in the definition see [Gao17, Remark 2.2] and for more details [Pin90, Chapter 1]. Definition 2.3. Let (P, X ) be a mixed Shimura datum and K a compact open subgroup of P (A f ); where A f is the ring of finite adèles over Q. The mixed Shimura variety associated to the datum (P, X ) and the subgroup K is
where P (Q) acts on the left diagonally on both factors and K acts on the second factor on the right.
Remark 2.4. From [Pin90, p. 3.2] we have that connected mixed Shimura varieties defined as above are connected components of mixed Shimura varieties as defined usually.
Weakly special subvarieties in Mixed Shimura varieties
Now we briefly recall the definition of weakly special subvariety of a mixed Shimura variety, the mixed Ax-Lindemann theorem and one of its consequences. For more details see [Gao17] .
Definition 2.5. Let (P, X + ) be a connected mixed Shimura datum. A subset U of X + is said to be weakly special if there is a diagram of Shimura morphisms
Remark 2.6. In the above definition the morphisms ϕ and i may be chosen to be surjective and injective respectively [Gao17, cf.] Theorem 2.7 (Mixed Ax-Lindemann [Gao17, Theorem 1.2]). Let S be a connected mixed Shimura variety and (P, X + ) the associated mixed Shimura datum. Let unif : X + → S be the uniformisation map. Let Y be a closed irreducible subvariety of S. Let Y be an irreducible algebraic subset contained in unif −1 (Y ) and maximal for these properties. Then Y is weakly special.
The following result is a consequence of the mixed Ax-Lindemann theorem above, it is the analogue of [Ull14, Théorème 1.3] in the mixed case.
Theorem 2.8 ([Gao17, Theorem 12.2]). Let S be a connected mixed Shimura variety associated with the datum (P, X + ). Let Y be an irreducible Hodge generic algebraic subvariety of S. Then there exists a normal subgroup N P with the following property. Construct the diagram
where the Shimura morphism ρ corresponds to the projection map P → P/N . Then the union of weakly special subvarieties of
Proof of the main result
A first reduction
Recall that π : X + → X + G is an holomorphic vector bundle. Let x 0 ∈ ∂X + G ∩ π • f (C) be some fixed point. Choose a sufficiently small number R > 0 such that the restriction of Now we note that we may reduce to the case Y is Hodge generic. Moreover we may assume that Γ is neat and moreover that we may decompose Γ as a semidirect product Γ = Γ G Γ W [PR94, cf. 4.1, Corollary 2].
Remark 3.1. By analytic continuation, the Zariski closure of Z = f (A) in X + is the same as the Zariski closure of f (C). Hence it is sufficient to prove that Y is weakly special.
We will deduce theorem 1.4 from the following result.
Theorem 3.2. In the hypotheses of theorem 1.4 and notation as above, there exists a positive dimensional semialgebraic set X ⊂ P (R) + U (C), that is not contained in the stabilizer of any point, such that X.Z ⊂ Y . Now we show how to deduce theorem 1.4 from the above result using the Ax-Lindemann-Weierstrass theorem.
Proof of theorem 1.4. Let z ∈ Z be any point, then by theorem 3.2, the maximal semialgebraic subset X of Y containing z has positive dimension. By [PT13, Lemma 4.1], X is a complex algebraic subset of Y and by the Ax-Lindemann-Weierstrass theorem for mixed Shimura varieties [Gao17, cf. Theorem 1.2] it is a weakly special subset of X + contained in Y . This implies that Z is covered by positive dimensional weakly special subsets of X + contained in Y . Hence the set of positive dimensional weakly special subvarieties of S contained in Y is Zariski dense in Y .
Since by assumption Y is Hodge generic, we may apply [Gao17, Theorem 12.2] and obtain a normal subgroup N of P with the following properties. Let ρ : P → P/N denote the quotient map and let [ρ] : S → S P/N be the associated map on Shimura varieties, let Y = [ρ](Y ). Then the set of weakly special subvarieties of
Hence, if Y had dimension bigger than zero, the composition ρ • f : C → X +∨ P/N would be non constant and, applying the above reasoning to it, we would get a set of weakly special subvarieties of S P/N contained in Y and Zariski dense in it. In this way we get that Y has dimension zero, hence it is a point and, by definition of weakly special subvariety, Y is weakly special.
Proof of theorem 3.2
We will use Pila-Wilkie's theorem on rational points in definable sets to complete the proof of the result. This will involve proving a counting result about the number of fundamental domains intrsecting the image of the function f . The counting result will be deduced from the case of pure Shimura varieties using the fact that the composition of f with the projection to the pure part is not constant.
The following lemma will allows us to reduce the counting to the pure case.
Proof. Note that we can choose the trivialisation of the vector bundle X → X G above Z as Z × W (R)U (C), so that the action of W (R)U (C) is exactly the action on the second component. Now, since π(Z) ∩ ∂X G = ∅, we have that the projection of Z to W (R)U (C) is bounded. Hence there is a finite subset Λ of Γ W such that the translates of a (fixed) fundamental set for Γ W in W (R)U (C) cover the projection of Z to W (R)U (C). This proves the lemma. Now we may assume there is a faithful finite dimensional representation ρ : P → GL(E) of P defined over Q and some lattice E Z such that Γ = G(Z) = G(Q) ∩ GL(E Z ). With this assumption, we can give the following definition. 
(3.1) Moreover, define the height of γ ∈ Γ as
3.2 Proof of theorem 3.2
Remark 3.5. Let n be the dimension of E, then for any γ 1 , γ 2 ∈ Γ, we have
Definition 3.6.
Theorem 3.7. There exist constants c 1 , c 2 > 0 such that for all T > 0 sufficiently large
Proof. Consider the two sets
(3.5) By lemma 3.3 and remark 3.5, we know that there is a number k depending only on f , the mixed Shimura datum (P, X ) + , the subgroup Γ and the choice of fundamental domain F such that if γ G ∈ Σ G Z is such that H(γ g ) ≤ N , then there is some γ ∈ Σ V such that π(γ) = γ G and H(γ) ≤ kN . Now it is sufficient to apply [Gia18, Theorem 3.2] to get the desired result.
We can now complete the proof of theorem 3.2 using the Pila-Wilkie theorem. To do this we need a last lemma.
Lemma 3.8. Consider the set
(3.6)
Proof. The set Σ(Y ) is definable in R an,exp because all sets and maps involved in its definition are 2 . The second assertion follows by analytic continuation. Finally the equality
follows form the fact that π −1 (Y ) is Γ-invariant.
We now recall a consequence of the Pila-Wilkie counting theorem.
2 For the definablility of the uniformisation map see [Gao17, Section 10].
References
Theorem 3.9. Let S ⊂ R n be a set definable in the o-minimal structure R an,exp . Denote by N S,Z (T ) the number of points s = (s 1 , . . . , s n ) ∈ S ∩ Z n such that max |s i | ≤ T . Fix a natural number k. If there exist constants c, ε > 0 such that N S,Z (T ) > cT ε for all T sufficiently large, then S contains a positive dimensional semialgebraic set containing at least k points in S ∩ Z n .
Remark 3.10. The above theorem follows from the version of the Pila-Wilkie theorem for semialgebraic blocks proven by Pila in [Pil11] . The original version of the theorem proven in [PW06] is not strong enough for our purposes because it does not imply that there is a single semialgebraic set containing many rational or, in this case, integer points. We use the additional information to prove that the semialgebraic set we obtain does not stabilise any point. The author would like to thank the referee for pointing this out to him.
Let
(3.10)
From theorem 3.7, we see that N Σ(Y ) (T ) ≥ c 1 T c 2 , for some constants c 1 , c 2 > 0. Combining this with theorem 3.9, we get for any integer k a semialgebraic set X ⊂ Σ(Y ) containing more than k points of Γ; choosing a big enough k we may assume that X is not contained in the stabilizer of any point. Finally from lemma 3.8 we get that X.Z ⊂ π −1 (Y ), thus proving theorem 3.2.
